The present paper continues the study begun in [5] of the relationships between Banach modules and bundles of Banach spaces. Specifically, it concerns tensor products of such objects.
Given two bundles of Banach spaces π: E -> S and p:F->T having locally compact base spaces we show that there is a bundle of Banach spaces Θ:G -> S x T having the following properties:
(1) for each pair (s, ί) in S x T the stalk G st = 0-\{(8, ί)}) is E s (g) F t , where, as in [5] , E s = π-\{s}) and F t = p'\{t}); (2) given two sections σ e Γ 0 (π) and r 6 Γ 0 (p) their pointwise tensor product σ (•) r defined by
(σ ® τ)(8, ί) = σ(β) (8) τ(ί)
is a section of the bundle Θ:G -> S x Γ. (Here again the reader is referred to [5] for notation and terminology.)
The bundle θ: G -> S x T is called the projective tensor product of the given bundles and is denoted by πφ)p:E §<)F->Sx T. Tensor products of Banach bundles relate to tensor products of Banach modules in the following fashion. Suppose that A and B are commutative Banach algebras with maximal ideals spaces S and T. Suppose further that (M, A) and (N t B) are Banach modules which satisfy the (KR) condition. Then (1) 
the Banach module (M ίg) N, A( §) B) also satisfies the (KR) condition;
(2) the canonical bundle associated with (ikf(g)N, A (g) B) is (bundle isomorphic to) the tensor product of the canonical bundles 152 J. W. KITCHEN AND D. A. ROBBINS of the given modules; ( 3 ) for any elements xe M and y e N the Gelf and transform of x(x) y is the pointwise tensor product of the transforms x and y.
The order in which these results are developed is possibly not what one might expect. In the first section a study is begun of the canonical bundle and Gelfand representation of the tensor product module (M ( §) N, A (g) B) . In the the second section, the tensor product bundle is defined essentially to be the canonical bundle of (Γ 0 (π ) <g) Γ 0 (p), C Q (S) 0 C 0 (Γ)). Afterwards, the results of section one are reinterpreted in terms of tensor products of bundles. Section 3 treats further properties of protective tensor products, while the fourth and final section deals with inductive tensor products. Given two bundles of Banach spaces π:E->S and p: F -• T with locally compact base spaces, their inductive tensor product π ( §) p: E §) F-> S x T is constructed and it is shown that there is a natural isomorphism Γ 0 (ττ) (| Γ 0 
(p) ~ Γ Q (π ( § p).
1* Tensor products of Banach modules and their Gelfand representations* In this section we shall begin to study the Gelfand representation of a tensor product of Banach modules. We prove first that the (KR) condition is preserved under the formation of tensor products.
Suppose (M, A) is a Banach module, where A is a commutative Banach algebra with maximal ideal space S. If s e S, we denote by 7 S the maximal ideal associated with s and by J s the closed linear span of the set {ax: ael s , xe M}. As in [5] , we also denote by (M*), the set of all functionals F in M* for which the identity
holds for all aeA and xe M. The module (M, A) is said to satisfy the (KR) condition if for each seS, (J,) 1 , the annihilator of J s in Λf*, is equal to (M*) 8 . Since the inclusion (M*) s c (J,) 1 always holds, the (KR) condition is equivalent to the inclusions
for all a e A, b e B, x e M, y e N.
• Thus, if the modules (M, A) and (N, B) satisfy the hypotheses of Proposition 1.1, then we can consider the canonical bundles and Gelfand representations for the modules (M, A), (N, B) , and (Λf(g)iV, A®B).
Let us denote by π: E -> S, p: F -> T, and θ:H-^Sx T respectively the canonical bundles for these three modules. We will show that the stalk H st = θ~\{(s 9 t)}) is isomorphic to the tensor product of the stalks E s = π~\{s}) and F t = p~\{t}). In doing so, we make use of a lemma concerning bilinear maps on quotient spaces. LEMMA 
for all xe M, y eN. By the universal mapping property of tensor products it follows, finally, that there is a linear map φ: E s ® F t -> ίί sί such that \\φ\\ = Il/H ^ 1 and
for all xeM,ye N. We next define a map α/r: £Γ sί ->E 8 ®F t which will turn out to be the inverse of φ. We do this in stages. First we define a map g: Mx N-*E s ( §F t by setting
Clearly, g is bilinear and \\g\\ ^ 1. It follows that there is a unique
In addition, the function g has the following property:
for all ceA( §)B and all zeM(g)N.
Because of the linearity and continuity of g, it suffices to check (*) when c is of the form a (x) b and z is of the form x (5?) y f and that is easily done:
From (*), it follows that g(cz) = 0 whenever c(s, ί) = 0, that is, ce J sί . Thus, g(z) = 0 whenever 2; belongs to J sί , the closed linear span of {cz:cel st , ze itf(x) N}. Hence there is a unique linear map
such that ||α/r|| = \\g\\ ^ 1 and
for all xe M and y eN. The rest is easy. One checks that ψ°φ and ^°f are the identity on E, (g) Fί and £Γ sί respectively. Thus, the map φ: E 8 ®F t -> H st is bijective and ψ is its inverse. Furthermore, since φ and ψ are both norm decreasing, they are, in fact norm preserving.
• 2* The construction of protective tensor products of bundles* We now apply Proposition 1.3 to construct the tensor product of Banach bundles. 
for all σ e Γ 0 (π), τ e Γ 0 (ρ), seS,teT. (3) the tensor map (g): E x F-+G, which assigns to each pair (x, y) in E x F its tensor x®y in the stalk E π{x) ® F p{y) , is continuous.
Proof. We can identify the given bundle π:E-+S with the canonical bundle the module (Γ 0 (π), C Q (S)) in such a way that the Gelfand representation of the module is simply the identity map. (See [5] , §3.) The same is true, of course, for the bundle p: F -> T. If we denote by θ'\ H-+ S x T the canonical bundle for the module then for each pair (s, t) in S x T Proposition 1.3 assures us of the existence of a unique isometric isomorphism φ st : E s (>ζ) F t -> H st such that
for all σeΓ 0 (π) and τeΓ 0 (p).
If we now let G be the disjoint union of the family of Banach spaces {E s ( §) F t : s e S, t e T}, then we have a bisection φ: G -^ H whose restrictions to stalks are the maps φ st . We topologize G by transplanting the topology from H to G via the map φ- 1 . Then #: G -> S x Γ becomes a bundle of Banach spaces (0 being the natural surjection), φ becomes an isometric bundle isomorphism, and (2) is obviously satisfied.
Thus, if we identify G and H via φ, then the Gelfand transform of σ (x) τ is simply the pointwise tensor product σ ® τ as defined in the introduction, that is,
In proving continuity of the tensor map (x): E x F ^ G we shall make this identification.
Let (a?, 2/) be an arbitrary element of E x F. We will show that (x) is continuous at (x, y). Set s = π(x) and t -p(y) and choose sections σeΓ 0 (π) and τeΓ 0 (p) such that σ(s) = x, τ(ί) = y, \\σ\\ -\\x\\ 9 and ||τ|| = \\y\\. (See [5] , Corollary 1.2.) Then the section (σ 0 τy = a ® τ passes through x®y, that is,
Consider now a neighborhood of x®y.
We may assume that it is of the form
where W is a neighborhood of (s, ί). Inside TF is a neighborhood of the form U x V, where U is a neighborhood of s and F is a neighborhood of t. We then set <%' = {x'eE:\\x '-σ(π(x') )\\ < e lf π(α') 6 ί7} and r = {y'zF:\\y'-τ(p{y'))\\ < ε 2 , p(y')eV} , where ε λ = ε/2(\\y\\ + 1) and ε 2 -l/2min(l, ε/(||x|| + 1)). Then ^xT is a neighborhood of (x, y). The bundle θ: G -> S x Γ will be called the protective tensor product of the given bundles π:E->S and p:F-*T, and we will henceforth denote it by π(k)p:E( §)F->SxT.
Note that if we have two sections σeΓ 0 (π) and τeΓ 0 (p), then, as we observed in the previous proof, their pointwise tensor product a ® τ, defined by
is a section of the tensor product bundle. Moreover, because of the continuity of the tensor map (x): E x F -» i? (g) ί 7 , it follows that the pointwise tensor product of two local sections (possibly unbounded) is a local section of the tensor product bundle.
We can now reinterpret Proposition 1.3.
THEOREM 2.2. Let A and B be commutative Banach algebras with maximal ideal spaces S and T respectively. Suppose that (M, A) and (N, B) are normed modules which satisfy the (KR) condition. Then the module (M (R) N, A ( §) B) also satisfies the (KR) condition and the canonical bundle for this product module can be naturally identified with the protective tensor product of the canonical bundles of the given modules. So identified, the Gelfand transform of an element in M( §)N of the form x®y is simply the pointwise tensor product of the transformations x and y.
Note that the Gelf and representation ": M(g) N-> Γ 0 (π ( §) p) need not be surjective. For example, let S and T be infinite compact Hausdorff spaces. Then C(S) and C(T) are (may be identified with) spaces of sections of bundles π: E -> S and p:F->T, all of whose stalks are C. With this identification, the sectional Gelfand representation of an element in C(S) ( §) C(T) of the form / (x) g is simply the function fgeC(S x T), where (fg)(s, t) = f(s)g (t) . Thus, the range of the Gelfand representation is the proper subspace of C(S x T) consisting of all functions expressible as the sum of series of products fg.
Nor need the Gelfand representation ": M (g) N-+ Γ 0 (π (g) p) be injective, even when both ": M-> Γ 0 (π) and ": N-> Γ 0 (p) are injective. To see this, let A and B be commutative semisimple Banach algebras with identities such that A (g) B is not semisimple. (See [6] .) The sectional Gelfand representation of the module (A ( §) B, A®B) is (may be identified with) the classical Gelfand representation of A®B, and so the sectional Gelfand representation is not injective.
3.
Further results* The first theorem in this section of the paper is analogous to results in Gelbaum [3] . Since the proofs are also similar, they are omitted. [7] . Proof. Let M be the set consisting of restrictions to K of global sections of the bundle π:E->S.
If σeM, and if feC(K), then σ is the restriction of some global section σ, while / is the restriction of some / e C(S) (by the usual Tietze Extension Theorem). It follows that fa is the restriction to K of the global section fσ, so that fσeM.
Thus, M is a C(i<0-submodule of Γ(π \ K), where Γ(π \ K) denotes the sections of the restricted bundle π {K: E Π π^iK) -> K. Moreover, since π: E->Sis a full bundle, so is the restricted bundle, so that M is dense in Γ(π [ K) by the Stone-Weierstrass theorem for sections. (See, for example, [4] .)
To show that M is actually all of Γ(π {K) and to complete the proof it suffices to prove the following: if σeM, then there exists a σeΓ(π) such that σ = σ [K and ||σ|| = ||σ||. (That M is closed and hence all of Γ(π [ K) will then follow from the completeness of the spaces Γ(π [K) and Γ(π).) To extend σeM appropriately we proceed as follows: We first select any section σ e Γ(π) (with possibly larger norm than σ) with σ \ K = σ. For each positive integer n we set Then V n is an open neighborhood of K, and we may choose a continuous function f n : S -> [0, 1] such that f n has the value 1 on if and the value zero off V % . We set
It may then be easily verified that f is a global section extending σ and that ||f(s)|| < \\σ\\ whenever s lies outside K. Thus, ||f || =
Ikll •
(Compare this lemma with a weaker version in Fell [2] .) THEOREM 
Suppose that π: E -» S and p: F-> T are bundles of Banach spaces, where S and T are compact Hausdorff. Then each section of the product bundle π( §)p:E®F-+Sx T can be uniformly approximated by sums of sections of the form σ®t f where σ e Γ(π) and τ eΓ(p).
Proof. Let M be the closure in Γ(π (g) p) of finite sums of sections of the form σ ® τ. Clearly, M is a closed subspace of • COROLLARY 
Γ(π(k)p). It is, moreover, a C(S x T)-submodule: for if ωeM and h e C(S x T), then

Suppose that π: E -> S and p: F -» T are bundles of Banach spaces, where S and T are locally compact Hausdorff spaces. Then every section in Γ Q (π®p) can be uniformly approximated by sums of sections of the form σ ® τ, where σ e Γ 0 (π) and τ e Γ 0 (p).
Proof. It suffices to prove the theorem for compactly supported sections in Γ 0 (π §ζ)p), since they are dense in Γ 0 (π< §)p).
Consider, then, a section ω e Γ 0 (π ( §) p) which is supported on a compact set K. We may assume that K = S'xT', where S' and T are compact. (We can take S' and T r to be the coordinate projections of the original set K onto S and T respectively.) Let ε > 0 be arbitrary. By the theorem we can find sections σ t : S' -• E and τ t : T -> F such that on the set S'x T'. By the Tietze extension (applied to the one-point compactifications of S and T) we may extend the σ/s and r/s to sections on S and T which vanish at infinity. Because of uppersemicontinuity of the norm it follows, then, that the inequality will hold throughout some neighborhood of S' x T'. By a compactness argument, we may assume that the neighborhood is of the form S" x T" where S" and T" are compact. • We conclude this section by constructing a tensor product of bundle maps. Proof. A bundle map is determined locally by its action on individual fibers, and locally the base spaces are compact. We may thus assume without loss of generality that S λ and S 2 are, in fact, compact.
Rather than define our bundle map directly, we begin by defining the map which it induces on sections. Given a section ω e Γ(π ι (g) ττ 2 ), define a selection (not necessarily continuous, yet) ώ: (s lf s 2 ) ) , for all (s ly s 2 ) eS 1 x S 2 . It is clear that this selection ώ is bounded by 11 & 11 11 & 11 ll^ll, and that the map α>-> w is linear. Thus, we obtain a bounded linear map ~ from Γ(7Γ! (g) ττ 2 ) to the Banaeh space of all bounded selections of the bundle p 1 (g) |0 2 :
Thus, ώ = fe^J^fe^^^i^ft).
In the general case, ω is a uniform limit of sums of such tensor products, so that ώ is likewise a uniform limit of sums of tensor products, and thus is in Γfa® p 2 ).
It is then easy to check that the map ~: Γ{π 1 (g) ττ 2 ) -> Γ^ (g) <o 2 ) is a sectional representation of Gelfand type of the module (Γ (π 1 (g) π 2 ), C(S 1 )(g) C(S 2 )); the universal mapping property of the Gelfand representation [see 5] then asserts the existence and uniqueness of a bundle
for every ω e Γ(π λ (g) ττ 2 ). The rest is now easy.
•
4.
Inductive tensor products* Up to this point we have considered only protective tensor products (of both modules and bundles). In this final section we turn our attention to other cross norms, especially the inductive one. One particularly interesting fact about inductive tensor products is that there is a natural isomorphism C 0 (S) (g> C 0 (T) = C Q (S x T), where S and T are locally compact Hausdorff spaces. In the present section we prove a substantial generalization of this result. If π: E -> S and p: F -> T are any two bundles of Banach spaces, where S and T are again locally compact Hausdorff, then we show that there is a bundle π®p\ E®F->Sx T, which we shall call the inductive tensor product of the given bundles, such that (1) the stalk above any point (
The map φ is (modulo bundle isomorphisms) the Gelfand representation of Γ 0 (π) (g) Γ 0 (p) as a Banach module over C 0 (S) (g) C 0 (Γ). In this respect the situation for inductive tensor products is nicer than it is for projective ones. In the protective case we again have a linear map φ:
and, again modulo bundle isomorphisms, ζ5 is the Gelfand representation of Γ 0 (π) (g) Γ 0 (|θ). In this case, however, φ is usually neither surjective nor norm-preserving (nor injective, for that matter 
holds for all ae A, b e B, x e M, and y e N.
Proof. By the universal property of tensor products one can show that there is a unique bilinear map P:(A0B)
by) for all a e A, beB, x e M, and y eN. We then write P(c, z) = cz.
Given aeA and beB, we define a linear map ψ a>b :
If we write z = Έi% i ®y ί , then
(Since a is a uniform cross norm, we have more generally, a(Σι ( (π) and τ e Γ 0 (p); the map is an isometric isomorphism. norms found in [1] , p. 63. It will also be convenient to borrow a bit of notation from the same reference: we denote by OX the closed unit ball of a Banach space X.
Consider, now, an arbitrary element in Since the functionals ^α belong to the weak-* compact subset K of Γ Q (π)*, we may assume by passing to subnets if necessary, that {F a } converges weakly-* to some functional. Furthermore, the limit functional will be of the form F for some FeO(E^)*. Similarly, we may assume that lim G a = G for some GeO(F t )*. Then
which is impossible.
We can now apply an existence theorem on bundles due to Hofmann, specifically Proposition 3.6 in [4] . It follows that there is a topology on E(k)F which makes π®p\E®F->Sx T a bundle of Banach spaces and makes every selection of the form Σ σ t ® τ t a section of the bundle. Moreover, it is easily argued that each of these sections vanishes at ©o. Thus, we have a isometric linear map By the same argument used to prove Corollary 3.5, one can show that the image of θ is dense in Γ Q (π ( §) p). It follows then that θ can be uniquely extended to an isometric isomorphism
Properties (2) and (3) follow by previous arguments. The existence theorem of Hofmann, which we invoked in the preceding paragraph, does not guarantee the uniqueness of the topology on the fiber space. But now we can see that this topology is unique, since the topology is determined by the space of sections, which consists, in the case, of all uniform limits of selections of the form Σ σ % ® τ i-D
We note three corollaries of the theorem. The first two are known. (See [1] , p. 64.) COROLLARY 
Let S and T be locally compact Hausdorff spaces. Then C 0 (S)®C 0 (T) = C Q (Sx T).
More precisely, there is a unique isometric isomorphism θ: C 0 (S) ( §) C 0 (T)-*C 0 (Sx T) such that θ(f®g) = f®g, where (f®g)(s,t) = f(s)g(t).
Proof, Apply the theorem to the constant C-bundles over S and T. Proof. Let one bundle be the constant C-bundle over S and let the second bundle have X as its one and only fiber. 
